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Recently, it was argued that the binegativity might be a good quantifier of entanglement for two-qubit states.
Like the concurrence and the negativity, the binegativity is also analytically computable quantifier for all two
qubits. Based on numerical evidence, it was conjectured that it is a PPT (positive partial transposition) monotone
and thus fulfills the criterion to be a good measure of entanglement.
In this work, we investigate its behavior under noisy channels which indicate that the binegativity is decreasing
monotonically with respect to increasing noise. We also find that the binegativity is closely connected to the
negativity and has closed analytical form for arbitrary two qubits. Our study supports the conjecture that the
binegativity is a monotone.
I. INTRODUCTION
Quantum entanglement is a fundamental non-classical fea-
ture of multiparticle quantum systems. It is a key resource for
many quantum information processing tasks. Hence, charac-
terizing (witnessing as well as quantification) of entanglement
is of immense importance.
In the last two decades, substantial amount of progress has
been made in characterizing entanglement of two-qubit sys-
tems [1]. Although the entanglement structure of pure bipar-
tite systems is well understood, much attention is required to
fully understand it for mixed two-qubit states [1]. Quantifi-
cation of entangled state is related with the inconvertibility
between entangled states under local operations and classical
communications (LOCC), i.e., the quantities which do not in-
crease under LOCC are the entanglement quantifiers [2–5].
Finding such measures are important for better understand-
ing of the entangled states [2, 6–8]. Out of many extant en-
tanglement quantifiers, the concurrence [9, 10] and the nega-
tivity [11] are easily computable for two-qubit mixed states.
Although, negativity and concurrence coincide for pure two
qubit states, they produce different ordering for mixed states
[12].
One breakthrough discovery in entanglement theory is
Peres-Horodecki criteria [13, 14]. They found that using par-
tial transposition operations one can detect entanglement in
composite quantum systems. Let us consider a bipartite sys-
tem ρ, then its partial transposition in one of the subsystems is
defined as ρΓ. The state satisfying ρΓ ≥ 0 are called positive
under partial transposition (PPT states). It is well known that
all the PPT states of two qubits are separable states. The neg-
ativity captures the degree of violation of PPTness in the two-
qubit states and it is an entanglement monotone [8]. Note that
there exist no known physical interpretation of partial trans-
position operations. The negativity can be expressed as
N(ρ) = 2Tr[ρΓ− ] =‖ ρΓ ‖1 −1, (1)
where ‖ · ‖1 denotes trace-norm and we follow the notation
ρΓ− = (ρΓ)− to denote the negative component of ρΓ. (It is
defined in Eq.(3).)
∗ sk.sazimsq49@gmail.com
In Ref.[15], authors discussed a computable quantity called
‘the binegativity’ which may be considered as a potential en-
tanglement measure. The concept of binegativity was first in-
troduced in the context of relative entropy of entanglement
[17]. It was shown that if |ρΓ− |Γ− ≥ 0, the asymptotic relative
entropy of entanglement with respect to PPT states does not
exceed the so-called Rains bound [16, 17], where |ρ| = √ρ.ρ.
This condition also guarantees that the PPT-entanglement cost
for the exact preparation is given by the logarithmic negativity
[18, 19] which provides the operational meaning to logarith-
mic negativity [20]. The binegativity for two-qubit state is
given by [15]
N2(ρ) = Tr[ρ
Γ− ] + 2Tr[ρΓ−Γ− ],
=
1
2
N(ρ) + 2Tr[ρΓ−Γ− ], (2)
where ρΓ−Γ− = ((ρΓ−)Γ)−. The binegativity has similar
properties like negativity in two qubit systems while the for-
mer may not be a monotone under both LOCC and PPT chan-
nels [15, 16, 20, 21]. On the basis of numerical evidence,
it is conjectured that the binegativity behaves monotonically
under both LOCC and PPT channels [15]. Based on this con-
jecture, the binegativity might be identified as a valid measure
of entanglement for two qubit states. The binegativity has fol-
lowing properties [15]:
1. It is positive always and vanishes for two-qubit separa-
ble states.
2. It is invariant under local unitary operations.
3. For all two qubit states N2(ρ) ≤ N(ρ) ≤ C(ρ) and
N2(ρ) = N(ρ) if N(ρ) = C(ρ). In particular for
all pure two qubit states, |ψ〉, N2(|ψ〉) = N(|ψ〉) =
C(|ψ〉), where C denotes concurrence.
The comparison between the negativity and the concur-
rence have been studied extensively and these measures give
different order for the two qubit states, as there exists different
states with equal concurrence but different negativity and vice
versa [7, 12, 22, 23]. The binegativity also gives a unique or-
derings of two-qubit states [15]. There exists some two qubit
states with same negativity and same concurrence but have
different values of binegativity. All these findings indicate
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2that the binegativity may be a new member in the set of ex-
tant entanglement quantifier.
In this work, we study its behavior under noisy channels,
specifically, under amplitude damping (AD), phase damping
(PD) and depolarizing (DP) channels and find that it is de-
creasing monotonically with the increasing noise. We also ob-
serve that the behavior of the binegativity is quite similar un-
der noisy channels. All these study indicates that the bonafied
measure, the binegativity, might be a entanglement monotone.
In the next section, we establish a functional relation be-
tween the binegativity and the negativity. We also discuss the
behavior of the binegativity under twirling operation. Then we
calculate the binegativity for some class of states in section-
III. In section-IV, we study the behavior of the binegativity
under the noisy channels. We conclude in the last section.
II. BINEGATIVITY – A LOCC MONOTONE?
Although we do not have a proof for monotonicity of the
binegativity under LOCC/PPT, we will address the issue to
some extend. Mainly we will show that the binegativity con-
tains a nontrivial term which may increase under some local
operations but on average the binegativity is not increasing.
Here we focus our numerical study only for twirling opera-
tions.
Binegativity of two qubit state ρ can explicitly be expressed
in terms of negativity.
Lemma.– The binegativity, N2(ρ) = 12N(ρ)
[
1 + N(ρψ)
]
,
where ρψ = |ψ〉〈ψ| with |ψ〉 being the normalized eigen vec-
tor corresponding to the negative eigen value of ρΓ.
Proof.- It is well known that the partial transposition of any
two qubit entangled state has exactly one negative eigenvalue,
and the eigenstate (pure) corresponding to it must be an en-
tangled state. Hence the negative component of ρΓ is of the
form
ρΓ− = Tr
[
ρΓ−
]
ρψ, (3)
where ρψ = |ψ〉〈ψ| with |ψ〉 being the normalized eigen vec-
tor corresponding to the negative eigen value of ρΓ. Now the
form of ρΓ−Γ− is given by
ρΓ−Γ− = Tr
[
ρΓ−
]
ρ
Γ−
ψ . (4)
Hence, Tr
[
ρΓ−Γ− ] = 14N(ρ)N(ρψ). Therefore the binega-
tivity can be expressed as follows
N2(ρ) =
1
2
N(ρ)
[
1 +N(ρψ)
]
. (5)
Hence the proof. 
With the above expression, we can conclude that the bineg-
ativity and the negativity are related quantities. The binegativ-
ity and negativity coincide for two qubit pure states as in this
case ρψ is a maximally entangled state. In fact, it is true for
Werner states also.
We know that the negativity is a monotone under PPT op-
erations [8, 16, 20]. Having close resemblance with negativ-
ity, one might also expect that the binegativity is a monotone.
However in Ref.[15], based on numerical evidence, it was
conjectured that the binegativity might be a PPT monotone.
Analytically, it is hard to prove the monotonicity of the bineg-
ativity because of the presence of the term likeN(ρψ). For ex-
ample, any two qubit entangled state can be transformed to a
less entangled Werner state by twirling operations [24] and for
the Werner state, ρψ is maximally entangled i.e., N(ρψ) = 1.
Therefore, although the overall entanglement is decreasing the
contribution from the term, N(ρψ) may increase.
In [24], Werner showed that any state ρ can be transformed
to a Werner state by applying the twirling operator:
ρWer =
∫
dU(U ⊗ U)ρ(U ⊗ U)†, (6)
where integral is performed with respect to Haar measure on
the unitary group, U(d). This operation can transform any en-
tangled state to a less entangled Werner state. Therefore, un-
der the twirling the binegativity should also decrease for two
qubit case. We have numerically checked that the binegativity
is indeed monotonically decreasing under twirling.
Now we will compute the binegativity for some class of
states.
III. BINEGATIVITY OF SOME CLASS OF STATES
Here we will compute the binegativity for some two qubit
mixed states. For example, we will consider the following
states:
Werner state: The Werner state is U ⊗ U invariant state. A
two qubit Werner state is given by
ρWer =
1− p
4
I4 + p|ψ−〉〈ψ−|, (7)
where |ψ−〉 = 1√
2
(|01〉 − |10〉) is the singlet state and p ∈
[0, 1] is the classical mixing. The state is entangled for p > 13 .
For this state the concurrence, the negativity and the binega-
tivity are same and are equal to 3p−12 for p >
1
3 .
Bell diagonal states: The Bell diagonal states can be ex-
pressed in canonical form as
ρBell =
1
4
(I4 +
∑
i
ciσi ⊗ σi), (8)
where ci ∈ [−1, 1]. The state, ρBell is a valid density matrix
if its eigen values λmn ≥ 0, where λmn = 14 [1 + (−1)mc1 −
(−1)m+nc2 + (−1)nc3] with m,n = 0, 1. For this state, the
concurrence, the negativity and the binegativity are equal to
2λmax − 1, where λmax is the maximum eigenvalue of ρBell.
MEMs: The two qubit maximally entangled mixed states
(MEMs) are the most entangled states for a given mixedness
[25]. These states with concurrence C are
ρMEM =

g(C) 0 0 C2
0 1− 2g(C) 0 0
0 0 0 0
C
2 0 0 g(C)
 , (9)
3where g(C) is equal to C2 for C ≥ 23 and 13 for C < 23 . The
negativity of this state is given by
N(ρMEM ) =
{√
(1− C)2 + C2 − (1− C) : if C ≥ 23 ,
1
3 (
√
1 + 9C2 − 1) : if C < 23 .
(10)
The negativity of ρMEM for C ≥ 23 will never exceed its
concurrence C [23]. The binegativity of this state can be sim-
plified to
N2(ρMEM ) =

N(ρMEM )
2
[
1 + C√
(1−C)2+C2
]
: if C ≥ 23 ,
N(ρMEM )
2
[
1 + 3C√
1+9C2
]
: if C < 23 .
(11)
Later a more general MEMs were considered in Ref. [26]
which are expressed as
ρgMEM =
x+
γ
2 0 0
γ
2
0 a 0 0
0 0 b 0
γ
2 0 0 y +
γ
2
 , (12)
where x, y, a, b, γ ≥ 0. The subset of these states (i.e.,
x = 0 = y = b, γ = C and a = 1 − C) are MEMs. The
concurrence and the negativity of these states (Eq.(12)) are
given byC(ρgMEM ) = max[0, γ−2
√
ab] andN(ρgMEM ) =√
(a− b)2 + γ2 − (a + b) respectively. These results show
that the state ρgMEM is entangled when γ > 2
√
ab or√
(a− b)2 + γ2 > (a + b). The binegativity of this state
simplifies to
N2(ρgMEM ) =
N(ρgMEM )
2
[
1 +
γ√
(a− b)2 + γ2
]
.
(13)
IV. BINEGATIVITY UNDER NOISY CHANNELS
Entanglement is inevitably fragile when exposed to noise.
The phenomenon is called decoherence [27–29]. There ex-
ists several models to describe the different types of noises
(effect of environment on systems). These models are known
as quantum channels [30, 31]. Mathematically, channels are
completely positive trace preserving (CPTP) maps having op-
erator sum representations [29]. Three important classes of
channels are amplitude damping (AD) channels, phase damp-
ing (PD) channels and depolarizing (DP) channels [32]. First
we will briefly discuss these channels.
AD: The Kraus operator (operator-sum) representation of AD
channels are
K0 =
(
1 0
0
√
1− η
)
and K1 =
(
0
√
η
0 0
)
,
where K†0K0 + K
†
1K1 = 1. The evolution of a qubit density
matrix % under this channel is given by % 7→ %′ = K0%K†0 +
K1%K
†
1 .
PD: The PD channels plays an important role in the transition
from quantum to classical world [32]. The Kraus operators to
represent a PD channels are – K0 =
√
1− ηI2,
K1 =
(√
η 0
0 0
)
and K2 =
(
0 0
0
√
η
)
.
Under this channel a qubit state is transformed to % 7→ %′ =
(1 − η)% + η%dia, where %dia is the density matrix with di-
agonal elements of %. Hence, under this channel off-diagonal
elements of the density matrix decreases with time.
DP: The operator-sum representation of the DP channel is
K0 =
√
1− ηI2 and Ki =
√
η
3
σi,
where i = 1, 2, 3. A qubit density matrix under DP channel
transform to % 7→ %′ = (1 − η)% + η3
∑
i σi%σi, where 0 ≤
η ≤ 1.
We study the effect of the above mentioned channels for a
mixed state given below
ρEW =
1− p
4
I4 + p|Ψ〉〈Ψ|, (14)
where |Ψ〉 = α|00〉 + β|11〉 with |α|2 + |β|2 = 1. To ob-
serve the environmental effects, we will consider two type of
channels – Λi0 = Ki ⊗ I2 and Λij = Ki ⊗ Kj . The state
generated due to the application of channels on one particle
(Λi0) and both particles (Λij) of the target state are discussed
in details.
The entanglement of the initial state ρEW captured by the
concurrence, the negativity and the binegativity are same ini-
tially, i.e., direct calculations shows that
C(ρEW ) = N(ρEW ) = N2(ρEW )
= 2 max[0, |pαβ∗| − (1− p)
4
]. (15)
Now under the quantum noisy channels, the entanglement of
the initial state will decay with the increase of noise parameter
η as depicted in Figs.(1 – 5).
AD channels.- Due to the application of AD channel on first
particle, the state ρEW evolves to
ρADf =
`+ + p|α|
2 0 0 α∗β
0 `+ + pη|β|2 0 0
0 0 `− 0
αβ∗ 0 0 `− +m|β|2
 ,
(16)
where `± =
(1−p)(1±η)
4 ,  = p
√
1− η, and m = p(1 − η).
The direct calculation shows that the the concurrence, the neg-
ativity and the binegativity are,
C = 2 max[0, |αβ∗| −
√
`−(`+ + pη|β|2)],
N = max[0, L− (`+ + `− + pη|β|2)],
N2 =
N
2
(
1 + 2
∣∣∣∣ αβ∗(ϑ− L)4|αβ∗|2 + ϑ(ϑ− L)
∣∣∣∣) , (17)
where ϑ = `+ − `− + pη|β|2 and L =
√
ϑ2 + 4|αβ∗|2.
4The effect of AD channel on the first particle of the state
ρEW is shown in Fig.(1). It reveals that the concurrence is
more robust than the other two while binegativity is affected
more. If we closely look at the mathematical expressions, we
find that the concurrence, the negativity and the binegativity
have different functional behavior with respect to the noisy
parameter η for this case, i.e., Eq.(17) indicates that C ∼ √η
whereas both N and N2 have quadratic dependence on η.
FIG. 1: (Color online) The figure shows the behavior of the
concurrence (C), the negativity (N ), and the binegativity
(N2) of initial state ρEW versus the mixing parameter p and
the channel parameter η for α = 0.4 under the action of AD
channel on one particle of the state. It depicts that the
concurrence (orange) is more robust than the rest while the
binegativity (green) is the most fragile under AD channel.
However, when we apply the AD channel on both particles
of the state, the above trait vanishes and all the entanglement
measures behave similarly. In this case the state ρEW trans-
forms to
ρADf =
 s 0 0 mα
∗β
0 v 0 0
0 0 v 0
mαβ∗ 0 0 (r + p|β|2)(1− η)2
 , (18)
where s = r(1 + η)2 + p(|α|2 + η2|β|2), r = (1−p)4 , and
v = (1 − η)[`+ + pη2|β|2]. One can directly calculate the
concurrence, the negativity and the negativity, i.e.,
C = N = N2
= 2 max[0,
2
p
|αβ∗| − (1− η)(`+ + pη2|β|2)]. (19)
Hence, all the considered entanglement quantifiers have simi-
lar dependence on the noise parameter η. Furthermore, in this
case, the decaying of entanglement as captured by the concur-
rence, the negativity and the binegativity is more as shown in
Fig.(2).
FIG. 2: (Color online) The figure shows the change of the
binegativity (N2) of initial state ρEW versus the mixing
parameter p and the channel parameter η for α = 0.4 due to
the action of AD channel on both the particles of the state.
The effect of the AD channel on both particles is more than
the single particle one. (Note that the the concurrence (C)
and the negativity (N ) behave similarly.)
PD channels.- The action of PD channel on the single par-
ticle as well as on the both particles of the state ρEW will led
to the following state,
ρPDf =

r + p|α|2 0 0 mip α∗β
0 r 0 0
0 0 r 0
mi
p αβ
∗ 0 0 r + p|β|2
 . (20)
The index i = 1 means PD is applied on single particle and
i = 2 implies PD has been applied on both particles.
The effect of PD channel for both the cases are almost simi-
lar except for the decay rate (see Figs.(3)). All three measures
of entanglement decays more rapidly when PD channels are
applied to both the particles of the state ρEW because
C = N = N2
= 2 max[0,
mi
pi−1
|αβ∗| − (1− η)
4
]. (21)
Therefore, analytical results indicate that these entanglement
measures have linear dependence on η for one sided PD chan-
nel but has quadratic dependence on η for both side PD.
DP channels.- After the application of DP channel on first
particle, the state ρEW will transform to
ρDPf =
r + pt2|α|
2 0 0 pt4α
∗β
0 Θβ 0 0
0 0 Θα 0
pt4αβ
∗ 0 0 r + pt2|β|2
 , (22)
where tj = 1 − jη3 and Θx = r + pη|x|2 with j = 2, 4.
Then one can calculate the concurrence, the negativity and
5FIG. 3: (Color online) The plot shows the change of the
binegativity (N2) of initial state ρEW versus the mixing
parameter p and the channel parameter η for α = 0.4 under
the action of PD channel on both the particles of the state.
(Note that the the concurrence (C) and the negativity (N )
behave similarly.)
the binegativity which are respectively,
C = 2 max[0, |ω| −√ΘαΘβ ],
N = max[0,Υ− (Θα + Θβ)], and
N2 =
N
2
(
1 +
|2ω(Θβ −Θα −Υ))|
|4|ω|2 + (Θβ −Θα)(Θβ −Θα −Υ)|
)
,
where ω = pt4α∗β and Υ =
√
(Θβ −Θα)2 + 4|pt4α∗β|2.
All these entanglement quantifiers behave almost similarly
although their analytical expressions are quite different (see
Figs.(4)). From the figure, it is clear that the affect of DP
channel is slightly more on the negativity and the binegativity
(the blue and green curve respectively).
Whereas the final state will be given by the following equa-
tion if the DP channels act on both the particles of the state
ρEW ,
ρDPf =
∆αβ 0 0 κ0 δ −ξα∗β 00 −ξαβ∗ δ 0
κ∗ 0 0 ∆βα
 , (23)
where δ = r + 29pη(3 − 2η), τ = p9 (9 − 24η + 14η2), ς =
p
9 (1 − i)η2, ξ = 29pη2, κ = ςαβ∗ + τα∗β, and ∆xy = r +
pt22|x|2 + 2ξ|y|2 with i =
√−1. The analytical expression for
the considered entanglement quantifiers (see the Appendix.A)
are
C = N = N2 = 2 max[0, |κ| − δ]. (24)
The Eq.(24) simplifies because of the fact that |κ| > δ holds
(We have checked it numerically.). Hence, all quantifiers have
similar dependence on the noise parameter see Fig.(5).
Under DP channel all these measures are finding the most
fragile (see Figs.(4, 5)). This is because under DP channels
decoherence effect is the most. This can be perceived from
FIG. 4: (Color online) The graph depicts the change of the
concurrence (C), the negativity (N ), and the binegativity
(N2) of initial state ρEW versus the mixing parameter p and
the channel parameter η for α = 0.4 due to the action of DP
channel on one particle of the state. The negativity (blue
curve) and the binegativity (green curve) has been affected
more due the action of the channel.
the analytic expressions of these bonafied measures under one
sided DP as well as both sided DP. The entanglement mea-
sures considered here behave similarly under both one sided
DP and both sided DP while in the later case decay rate is
more. Although we have considered α = 0.4 for numerical
depiction, their behavior remain same for any value of α.
FIG. 5: (Color online) The graph shows the change of the
binegativity (N2) of initial state ρEW versus the mixing
parameter p and the channel parameter η for α = 0.4 when
the DP channel is acting on both the particles of the state.
The effect of the DP channel on both the particles is more
than the single particle one. (Note that the the concurrence
(C) and the negativity (N ) behave similarly.)
6V. DISCUSSIONS
Among the existing entanglement measures, only the con-
currence and the negativity are analytically computable for ar-
bitrary two qubit states. We have added a new member to
this club: the binegativity. In this paper, we discuss that the
binegativity might be considered as a faithful measure of en-
tanglement for two qubit states. This measure coincide with
the concurrence and the negativity for pure two qubit states.
Note that like the negativity, the binegativity is not an addi-
tive, i.e., N2(ρ1⊗ρ2) 6= N2(ρ1) +N2(ρ2), where ρis are two
qubit density matrices. It also induces different entanglement
orderings among two qubit mixed states [15], which might
have an important impact on the resource theory of entangle-
ment. Therefore, the binegativity is an important quantity in
resource theoretic perspective [1, 33].
We study the behavior of the binegativity under AD, DP
and PD channels for the state ρEW and show that it decreases
monotonically with the noise parameter η. We compare the
behavior of the binegativity with the concurrence and the neg-
ativity and find that the binegativity is behaving quite similar
to the negativity. Our analysis support the conjecture that the
binegativity might be a monotone [15]. We hope our findings
may help in understanding the entanglement structure of two
qubit mixed states.
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Appendix A: Expressions of C, N , N2 for the state in Eq.(23)
The state in Eq.(23) is of the form
ρf =
 a 0 0 e0 b c 00 c∗ b 0
e∗ 0 0 d
 , (A1)
where a, b, d ≥ 0. The concurrence, the negativity and the
binegativity of the state are
C(ρf ) = 2 max[0, |c| −
√
ad, |e| − b],
N(ρf ) =
{
θ − (a+ d) : if a+ d < θ,
2(|e| − b) : if b < |e|, (A2)
N2(ρf ) =
{
N(ρf )
2
(
1 +
∣∣ 2c
θ
∣∣) : if a+ d < θ,
N(ρf ) : if b < |e|, (A3)
where θ =
√
(a− d)2 + 4|c|2.
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